Abstract: We construct a manifestly covariant differential Noether charge for theories with Chern-Simons terms in higher dimensional spacetimes. This is in contrast to Tachikawa's extension of the standard Lee-Iyer-Wald formalism which results in a non-covariant differential Noether charge for Chern-Simons terms. On a bifurcation surface, our differential Noether charge integrates to the Wald-like entropy formula proposed by Tachikawa in [arXiv:hep-th/0611141].
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Introduction
One of the remarkable aspects of gravity is the fact that classical black hole solutions have a finite entropy. The question of how this entropy is encoded in the geometry of the black hole solution is a longstanding problem which has motivated much recent research. In Einstein gravity, the answer to this question is given in terms of the celebrated Bekenstein-Hawking formula S = A 4G N which gives a simple way of reading off the entropy of a black hole solution from its horizon area. Despite a variety of efforts, a formula of such generality is not yet known for higher derivative gravity.
A formula applicable to specific limits is however known -an important progress in this direction is the Wald formula [1] [2] [3] [4] [5] [6] [7] applicable to time-independent geometries which is constructed by demanding the first law of thermodynamics. 1 Wald gave a particular prescription in the context of the Noether procedure 2 whereby he identified an appropriate Noether charge at the horizon as the entropy. The Wald formula has had many successes : microscopic computations of entropy (via say Sen's entropy function formalism for extremal black holes [16] [17] [18] ) reduce to Wald entropy in appropriate limits. Entanglement entropy computations in AdS/CFT exhibit Wald-like formula with corrections [19, 20] thus giving a geometric realization of the interplay between thermal entropy and entanglement entropy. Attempts to generalize the Wald formula to time-dependent situations however runs into various ambiguities and the physical principle to resolve these ambiguities are still unknown.
The main obstacle to using AdS/CFT to resolve these questions is the fact that timedependent entropies are difficult to compute even in field theory. It thus seems essential that we find simple time-dependent situations where we can study how entropy is geometrized in gravity. A simple situation which might be tractable is the entropy associated with anomalies in field theory. The robustness of anomalies could allow us to understand quantitatively the associated anomaly even in time-dependent cases [21] . AdS/CFT then maps this situation to the case of gravitational solutions in the presence of Chern-Simons terms. One thus hopes that understanding Wald-type entropy that arises from Chern-Simons terms might lead us to a better understanding of the geometric entropy and the way to generalize it.
The original derivation by Wald assumes covariant Lagrangians and hence excludes Chern-Simons terms. The Lee-Iyer-Wald formalism for constructing Noether charge was later extended to theories with Chern-Simons terms by Tachikawa [22] (this proposal was then worked out in detail by Bonora-Cvitan-Prester-Pallua-Smolic [23] ) which we will review when we compare with our results. This Tachikawa's extension, however, is not manifestly covariant and it runs aground with issues of covariance [23] in dimensions greater than three. 3 In this work, we will trace these issues to the use of a non-covariant pre-symplectic structure on the space of solutions. Our main motivation in this work is to demonstrate that, with higher dimensional Chern-Simons terms, one can instead choose a manifestly covariant 1 Whether Wald entropy obeys the second law of thermodynamics is however still an open question. 2 By this we mean the collection of various formalisms which rely on some version of Noether charge -apart from the treatment by Lee-Iyer-Wald [4, 8] , there are related methods commonly attributed to Abbott-DeserTekin [9] [10] [11] [12] and Barnich-Brandt-Compère [13] [14] [15] . 3 Most of the applications of Tachikawa's prescription has been for the pure gravitational Chern-Simons term in AdS3 where the covariance of the final results can be easily demonstrated. In fact, the three dimensional gravitational Chern-Simons term has been widely studied [24] [25] [26] [27] [28] in the context of topologically massive gravity. See [23, [29] [30] [31] [32] ] also for discussions on higher dimensional Chern-Simons terms.
pre-symplectic structure and implement the Noether procedure in a manifestly covariant way. 4 Using our pre-symplectic current we will then re-derive the final entropy formula proposed in [22] without having to choose special gauges/coordinates systems (as is necessary in the method described in [22, 23] ).
In fact, this is a general lesson which underscores why Chern-Simons terms serve as stringent tests for any generalized entropy proposal : most constructions and ideas about how the Wald formula should be generalized often do not work for Chern-Simons terms because of covariance issues. Our hope is that our analysis in this paper would help us tease out the essential features of the Noether procedure that survive this 'Chern-Simons' test so that we can be guided as to how we should go about generalizing it in time-dependent situations.
We will divide the rest of this introduction into four different subsections. In the subsection that follows we begin by introducing Einstein-Maxwell-Chern-Simons systemà la [34] . The aim is to introduce notation as well to present the reader with a specific context where our results can be used. In the subsequent subsection we quickly introduce the essential ideas of the Noether formalism that the reader would need to understand the third subsection summarizing of our results. In the final subsection, we provide the outline of this paper.
System under study
A main motivation for this paper is our recent work in [34] where using fluid/gravity correspondence, we constructed a class of AdS black hole solutions for Einstein-Maxwell-Chern-Simons equations in AdS 2n+1 . That construction was in turn motivated by recent advances in the field theory side on how Lorentz anomalies enter into hydrodynamics [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . Since we will develop our covariant prescription in the context of this system, we begin by reviewing it.
We consider the simplest class of gravitational systems in AdS d+1 with Chern-Simons terms with an action
where the Chern-Simons part of the Lagrangian is denoted as I CS which is a d+1 form. Since Chern-Simons terms are odd forms, this necessarily implies that d = 2n with n an integer. This action then leads to the equations of motion :
where G ab is an asymptotically AdS d+1 metric with d = 2n, F ab is the Maxwell field strength defined from the vector potential A a via F ab ≡ ∂ a A b − ∂ b A a . All our expressions in this work equally well apply to the Yang-Mills system where 
whereas (T H ) ab and (J H ) a are the energy-momentum tensor and the Maxwell charge current obtained by varying the Chern-Simons part of the action. We will call these currents as Hall currents. The bulk Hall currents are more conveniently written in terms of the formal (d + 2)-form P CF T = dI CS , the anomaly polynomial of the dual CFT. We note that the anomaly polynomial depends only on the Maxwell field strength two-form F and the curvature twoform R a b , both of which are covariant. On the other hand, the Chern-Simons form I CS depends on F and R a b as well as non-covariant quantities, i.e. the gauge field one-form A or the connection one-form Γ a b . We define the spin Hall current (Σ H ) cb a and the charge Hall current (J H ) c corresponding to I CS as
variations of the fields and that it is not necessarily an integrable variation, viz., in general, / δQ Noether = δQ for any Q. Further, the Noether formalism implies that the exterior derivative of the differential Noether charge d / δQ Noether associated with a {ξ a , Λ} is proportional on-shell to Lie derivatives of the fields along that {ξ a , Λ}. The tensor of proportionality is given by a co-dimension one form called the pre-symplectic current / δ
2 Ω PSympl . The pre-symplectic current is proportional to the product of two field variations as its notation indicates and it is antisymmetric under the exchange of the field variations. We can then write d / δQ Noether = − / δ / δ χ Ω PSympl where the subscript χ indicates that the second variation has been converted into a Lie-derivative along {ξ a , Λ}. The differential Noether charge / δQ Noether when restricted to a hypersurface in AdS becomes a co-dimension one form. We first consider / δQ Noether associated with a diffeomorphism/gauge transformation {ξ a , Λ} which acts on the dual CFT as a symmetry transformation {ξ
CFT }, i.e., {ξ a , Λ} fall off slowly enough near the boundary of AdS that they act non-trivially on the boundary. We have
Here | ∞ denotes that the evaluation is carried out at the boundary. The / δQ Noether of such a {ξ a , Λ} is then restricted to a radial slice near the boundary of AdS and evaluated on-shell, i.e., we evaluate it on a solution to the gravity equations with the field variations satisfying linearized equations. This on-shell differential Noether charge then encodes the information about the energy-momentum and charge differences in the neighborhood of the state under consideration. More precisely, we have
where {T µν CFT , J µ CFT } are the (expectation values of) energy-momentum tensor and the charge current of the dual CFT, {η νσ , A CFT α } are the corresponding metric/gauge field sources in the CFT and ⋆CFT represents the CFT Hodge-dual operator acting on forms. 5 Here δT µν CFT for example, is to be understood as the difference in (the expectation value of) energy-momentum tensor in the neighborhood of the dual CFT state. The term d(. . .) at the end of Eq. (1.5) indicates that Eq. (1.5) is supposed to be valid up to an addition of an exact form.
The essential insight due to Wald is that, at least as far as time-independent solutions go, the same differential Noether charge for an appropriate {ξ a , Λ} evaluated at the horizon gives the entropy of the solution. To give a more precise statement, we begin with the time-like Killing symmetry/gauge transformation {β a , Λ β } which leaves invariant the timeindependent state under question. We will assume further that the black hole horizon is a Killing horizon for {β a , Λ β } with β a having a surface gravity normalized to 2π. This implies that β a = 0 at the bifurcation surface and 6) where {G ab , A a } represent the bulk metric/gauge field. Roughly, one can think of β a as the 'inverse temperature' vector -more precisely its norm gives the length of the thermal circle in the corresponding Euclidean solution. Thus, it is null at the horizon where the Euclidean solution caps off and near the AdS boundary it is a time-like vector whose norm gives the inverse temperature of the dual CFT. For a time-independent solution in fluid/gravity correspondence, {β a , Λ β } can be computed in a boundary derivative expansion. In the usual ingoing Eddington-Finkelstein coordinates used in fluid/gravity correspondence, we get the expansion :
where {u µ , T, µ} are the velocity, temperature and chemical potential fields of the CFT fluid.
Wald argued that the on-shell / δQ Noether corresponding to such a {β a , Λ β } gives the entropy of the solution when restricted to the horizon,viz.,
where J µ S,CFT is the entropy current of the dual CFT. Here the symbol | hor represents an evaluation of / δQ Noether corresponding to {β a , Λ β } at the horizon on-shell, followed by a pullback of the answer to the boundary along ingoing null geodesics (in accordance with the usual fluid/gravity prescription for the CFT entropy current [47] ). This expression then provides us with a way of computing the entropy current for higher derivative fluid/gravity correspondence.
The advantage of assigning entropy via differential Noether charge is that the first law of thermodynamics follows immediately as a consequence of the Noether formalism. Since for time-independent solutions the differential Noether charge is closed on-shell, viz., d / δQ Noether = 0, Eq. (1.7) can equally well be evaluated near the boundary of AdS. Using Eq. (1.5) we can then write
(1.8)
Comparing equations Eq. (1.8) against Eq. (1.7), we immediately get the CFT first law of thermodynamics :
When the gravity Lagrangian L is manifestly covariant, i.e. if it does not contain ChernSimons terms, and if Eq. (1.7) is integrated over the bifurcation surface, we can remove the variations to write (by denoting L = L cov for later purpose) [2, 4] 10) where the left integral is over the bifurcation surface whereas the right integral is over a time slice in the CFT. 6 Here ε ab is the binormal at the bifurcation surface defined via ∇ a β b | Bif = 2πε a b and δLcov δR a bcd refers to a functional differentiation of the Lagrangian treating Riemann tensor as an independent field . In time-independent solutions, the integral over the bifurcation surface can be replaced by a suitable integral over an arbitrary time slice of the horizon [3] .
Although this is the most common form of Wald entropy used in the literature, it is inapplicable precisely in the systems we are interested in, where L contains Chern-Simons terms. For these systems, Tachikawa [22] has proposed that Eq. (1.10) be modified to
where L cov is the covariant part of the gravity Lagrangian and P CF T = dI CS encodes the information about the Chern-Simons part. Further, we have written the answer in terms of the normal bundle connection Γ N and its curvature R N = dΓ N on the bifurcation surface with
Heuristically, we can motivate the correction in Eq. (1.11) from the Chern-Simons terms by thinking of it as descending from a Wald-like formula in one-dimension higher. 7 In [22] , Tachikawa outlined an algorithm for modifying Iyer-Wald's derivation [2, 4] in order to directly derive Eq. (1.11) along with an explicit derivation in AdS 3 case. This algorithm was later implemented in higher dimensions by Bonora et al. [23] who however found that it resulted in extra non-covariant contributions to Eq. (1.11) which vanish only in special coordinate systems. 8 This work is motivated by this unsatisfactory state of affairs and to provide a manifestly covariant Noether formalism to derive Eq. (1.11).
Summary of results
In this part, we will summarize our strategy to derive Eq. (1.11). We will begin in §2 by assigning a covariant pre-symplectic structure over the solutions of Einstein-Maxwell-ChernSimons equations in Eq. (1.2). As we have emphasized before, this is the crucial step in 6 For a differential form V , the definition of V is given in Eq. (B.11). 7 This follows from an identity which holds on the higher-dimensional bifurcation surface :
Bif .
(1.13) our formalism that makes it different from the algorithm proposed by Tachikawa [22] which instead works with a non-covariant pre-symplectic structure. In order to write down the pre-symplectic current for Chern-Simons terms, we introduce generalized Hall conductivity tensors {σ F F
} which describe how the Hall currents (defined in Eq. (1.4)) vary with field-strengths/curvatures. Let us consider a general variation of the field strengths/curvatures -in any dimensions, we can write the corresponding variation in the Hall currents as
(1.14)
These Hall conductivities {σ F F
} are completely antisymmetric in their last three contravariant indices (i.e., ef a indices in the equations above) : hence, they can be thought of as tensor-valued three-forms. Their Hodge-duals are (2n − 2)-forms in AdS 2n+1 and they have a simple expression in terms of P CF T , the anomaly polynomial of the dual CFT :
In terms of these Hall conductivities, we choose a manifestly covariant pre-symplectic current corresponding to Chern-Simons terms :
(1.16)
We will then construct in §3 a covariant Noether charge consistent with this pre-symplectic current which takes the form 17) or in terms of differential forms
(1.18)
In particular, we will show in §4 that this differential Noether charge on a bifurcation surface reduces to the Tachikawa formula (the Chern-Simons contribution in Eq. (1.11) ).
Outline
The organization of the rest of this paper is as follows. In §2, we construct a pre-symplectic current which leads to a manifestly covariant differential Noether charge in §3. In particular, we integrate this charge at the bifurcation surface to derive the Tachikawa formula for black hole entropy in §4. In §5, we review the generalization of Lee-Iyer-Wald method to ChernSimons terms as proposed by Tachikawa and compare with our formulation. We conclude this paper with some future directions in §6. For reader's convenience, we provide the detail of the derivation of the differential Noether charge for Chern-Simons terms in Appendix A.
In Appendix B we summarize our notation for differential forms and present our formulation in this language.
2 Pre-symplectic current
We will begin our discussion of the Noether procedure which has two main ingredients : the first is a pre-symplectic structure on the space of solutions we are interested in and the second being the construction of the Noether charge. The main result of this section is the construction of a covariant pre-symplectic current in the presence of higher dimensional Chern-Simons terms. First, in § §2.1, we will introduce the idea of a pre-sympletic current. An explicit example of a pre-sympletic current in the Einstein-Maxwell theory will be given in § §2.2. Then we will review in § §2.3 the discussion of Lee-Iyer-Wald [4, 8] in the case of Einstein-Maxwell system while the generalization of the Lee-Iyer-Wald construction to Chern-Simons terms will be presented in §5. As we will see, however, such a pre-symplectic current in the presence of Chern-Simons terms is non-covariant. We will thus propose a construction of a manifestly covariant pre-symplectic current in § §2.4.
Basic idea
We start with a dynamical system whose equations of motion we collectively represent by / δE. To be specific, let us consider a theory with dynamical fields being the metric G ab and a gauge field A a . Then, we can write the equations of motion as
where {T ab , J a } are some appropriate functionals of the fields {G ab , A a }. The symbol / δ denotes the fact that / δE involves one variation of fields. By solutions of these equations of motion, we mean those configurations of {G ab , A a } which satisfy {T ab , J a } = 0. For example, for the Einstein-Maxwell-Chern-Simons system we are interested in, the equations of motion take the form T ab = (T ab ) Ein-Max + T ab H = 0 and J a = (J a ) Ein-Max + J a H = 0 where
and the Hall contributions T ab H and J a H are given in Eq. (1.4) and just below. The next data we will need is the pre-symplectic current 9 
This is defined such that 10
i.e., the divergence of the pre-symplectic current is equal to the anti-symmetrized variation of the equations of motion. The symbol / δ 2 denotes the fact that ( / δ 2 Ω PSympl ) a involves two variations of the underlying fields. In our example with Eq. (2.1), this equation becomes
We note that given arbitrary equations of motion, the existence of a pre-symplectic current is not always guaranteed. However, as we will show below, if, for example, the equations of motion are derived by varying a manifestly covariant Lagrangian, then we are guaranteed at least to have a candidate for a pre-symplectic current [4, 8] .
We now proceed towards finding the pre-symplectic current for the system we are interested in : the Einstein-Maxwell Chern-Simons theory. As a prelude, we will first examine the simpler case of the Einstein-Maxwell theory. 9 The adjective 'symplectic' here refers to the fact that this current can be used to define a symplectic structure on the space of configurations thus allowing us to treat the space of configurations like a phasespace. The adjective 'pre' here refers to the fact that to define the symplectic structure, often some more work is needed -for example, it is often the case that we have to identify the configurations which are gauge equivalent before we can define a sensible symplectic structure. We will ignore such complications in the rest of this paper. 10 We note that our pre-symplectic current is negative of the one introduced by Lee-Wald [8] .
Pre-symplectic current for Einstein-Maxwell theory
The equations of motion for the Einstein-Maxwell theory are given by
The most commonly used pre-symplectic current for this system is
We will show in the next subsection that this current obeys Eq. (2.3).
Lee-Iyer-Wald prescription : pre-symplectic potential
It is often convenient to derive the pre-symplectic current from a pre-symplectic potential denoted by / δΘ
The existence of such a pre-symplectic potential is closely related to the existence of an underlying Lagrangian from which the equations of motion can be derived. To see this, we take the divergence of Eq. (2.7) so that Eq. (2.3) becomes
This is the integrability condition for the existence of a Lagrangian density L such that
Thus, the pre-symplectic potential can be thought of as the boundary term that needs to be subtracted from the variation of the Lagrangian density to get the equations of motion. This demonstrates that, for any equations of motion obtained from a Lagrangian, we can define a pre-symplectic potential and in turn a pre-symplectic current.
Let us illustrate this with the example of Einstein-Maxwell theory. The standard EinsteinMaxwell Lagrangian density is given by
(2.10)
Varying this and adding an appropriate boundary term give the Einstein-Maxwell equations,viz.,
We can thus take the pre-symplectic potential as 11
Varying this potential, we get the pre-symplectic current that we quoted before in Eq. (2.6). By construction, this pre-symplectic current then satisfies Eq. (2.3). Given a Lagrangian density, this method then directly gives a candidate for a presymplectic current. We note that the pre-symplectic potential computed via an integration by parts as shown above often depends on the order of integration by parts. A crucial part of the Lee-Iyer-Wald prescription [4, 8] is, in fact, to prescribe a particular order of integration by parts which produces covariant pre-symplectic potentials for manifestly covariant Lagrangians. This, for example, excludes Chern-Simons terms which are of interest to us in this paper.
Pre-symplectic current for Hall currents
Now we want to choose an appropriate pre-symplectic structure for the Hall current contribution (i.e, terms in equations of motion coming from varying Chern-Simons terms). This 11 It is sometimes convenient to write this pre-symplectic potential as 12) and the corresponding pre-symplectic current as
Written in this form, these Lee-Iyer-Wald pre-symplectic potential and current extend to Lovelock theories.
can be done via the Lee-Iyer-Wald prescription [4, 8] which we had described in our previous subsection. This is the pre-symplectic structure chosen by Tachikawa [22, 23] . We will compute this pre-symplectic current explicitly in §5 and show that such a prescription results in a non-covariant answer in dimensions greater than three. We note that a non-covariant pre-symplectic current is a serious shortcoming. Usually, we try to derive the symplectic structure on the space of solutions by identifying the directions under which the pre-symplectic current is degenerate or non-invertible. With the non-covariant pre-symplectic current, this procedure would in general result in a situation whereby two configurations which are gauge equivalent can no more be identified as a single physical configuration. This breakdown of gauge redundancy would then render the theory inconsistent.
In light of these complications, we will adopt in this subsection an alternate procedure which produces a manifestly covariant pre-symplectic current that solves Eq. (2.3). We will refer the reader to §5 for a comparison of our answer to the one obtained by Tachikawa's extension of the Lee-Iyer-Wald prescription.
The Hall current contribution to the equations of motion (coming from a variation of Chern-Simons terms) is given by
In the second equality, we have used 16) which is obtained from the following relation related to the anti-symmetric property of the spin Hall current (
Our strategy for the construction of the pre-symplectic current is as follows : we begin by computing the anti-symmetrized variation of Eq. (2.15) which should be equal to the divergence of the corresponding contribution to a pre-symplectic current (see Eq. (2.3)) . We use this fact to write down a manifestly covariant pre-symplectic current which has the correct divergence. We first get 1
The first line on the right hand side is already in the form of a total divergence. To simplify the next two lines, we consider a general variation of the charge and spin Hall currents : Before proceeding, we consider an example to see how these conductivity tensors look like. Let us take the mixed Chern-Simons term with the anomaly polynomial P CF T = c M F 2 ∧ tr[R 2 ] in AdS 7 as an example. Then the corresponding charge and spin Hall currents are given by
(2.20)
These expressions can then be varied to give the generalized Hall conductivities
Thus, given the Hall currents, it is straightforward to compute the conductivity tensors. A useful property of the conductivity tensors is that their covariant divergence (taken with respect to one of its form indices) is zero :
Further, they satisfy reciprocity type relations
Here {α, β} are two arbitrary scalars transforming in the adjoint representation of the gauge group. We will need later another set of identities which are useful in getting back the Hall currents from the Hall conductivities :
(2.24)
All these identities can be easily checked for the example of the mixed Chern-Simons term in AdS 7 . We now turn to using these properties of the generalized Hall conductivities to write down a covariant pre-symplectic current for arbitrary Chern-Simons terms. The fourth and third lines of Eq. (2.18) are rewritten respectively as
By substituting Eqs. (2.25) and (2.26) into Eq. (2.18), we finally obtain the pre-symplectic current for our formulation :
This current is manifestly covariant (recall that variations of the gauge field and Christoffel connection transform covariantly) and, by construction, it satisfies
as required. Eq. (2.27) is the main result of this section. In the next section, we will use this pre-symplectic current to formulate a manifestly covariant differential Noether charge.
Noether charge
Here, we will proceed to the construction of the differential Noether charge for an arbitrary diffeomorphism/gauge transformation. After introducing our notations for diffeomorphism/gauge transformation in § §3.1, we outline the basic idea behind the notion of differential Noether charge in § §3.2. As an example, we take up the well-known Lee-Iyer-Wald construction of differential Noether charge for the Einstein-Maxwell system in § §3.3. We then turn to sketch the derivation of differential Noether charge for Chern-Simons terms in § §3.4 relegating most of the details to Appendix A.
Diffeomorphisms and gauge transformations
We begin this subsection by introducing our notation for diffeomorphisms and gauge transformations. We will adopt here a notation which admits a natural generalization to non-Abelian gauge transformations. Given a covariant tensor Θ a b transforming in a specific representation of the gauge group, the action of diffeomorphisms and gauge transformations is defined via
Here £ ξ denotes Lie derivative with respect to the vector ξ a parametrizing diffeomorphism, while Λ is the gauge parameter in the adjoint representation of the gauge group and the commutator [Λ, ·] is the natural adjoint action of the gauge group. We use χ ≡ {ξ a , Λ} to jointly denote diffeomorphisms and gauge transformations. In the last line of Eq. (3.1), we have defined the covariant derivative We have chosen an anti-hermitian basis for the Lie algebra and we have suppressed all gauge indices for convenience. We can write Λ = −iT A (Λ Real ) A etc. with T A being the standard hermitian gauge group generators. Further, a trace over gauge indices is indicated by "·", a 'center dot'. For example, if
. In this anti-hermitian convention, Abelian gauge fields are purely imaginary, i.e., if A a is an Abelian gauge field, then A a = −i(A a ) Real . The corresponding Abelian current would be J a = i(J a ) Real so that A a · J a = (A a ) Real (J a ) Real . The Abelian action on a field Ψ q with Abelian charge q is given by [Λ,
We now turn to the action of δ χ on various quantities. We can write the transformation of background gauge field/metric as
where F ab denotes the field strength for A a . The Christoffel connection Γ b ac , being the unique torsionless and metric-compatible connection, is completely determined by the background metric G ac as
We will use this connection and the associated covariant derivative from now on unless specified. For the Christoffel connection, the transformation is
The field strength F ab and the curvature tensor R d abc transform as covariant tensors under gauge transformations and diffeomorphisms. We also note that variations of gauge field and Christoffel connection, i.e. δA a and δΓ a bc , transform covariantly. It is sometimes convenient to focus only on the non-covariant part of transformations and drop the covariant parts. We denote this part by defining 
Differential Noether charge
We begin with Eq. (2.3) where we take the second variation to be the diffeomorphism/gauge variation δ χ generated by χ = {ξ a , Λ} :
This implies that ∇ a ( / δ / δ χ Ω PSympl ) a ≃ 0 on-shell, i.e., once we impose the equations of motion / δE = 0 . Here we have used the symbol ≃ to denote that the equality holds only on-shell. Assuming that there are no cohomological obstructions, the statement ∇ a ( / δ / δ χ Ω PSympl ) a ≃ 0 implies that there exists a ( / δQ Noether ) ab such that
with ( / δQ Noether ) ab = −( / δQ Noether ) ba . We will call a ( / δQ Noether ) ab that satisfies the above equation as the differential Noether charge associated with the diffeomorphism/gauge variation δ χ . Our aim is to construct the differential Noether charge for the Einstein-MaxwellChern-Simons system so that one can use it to assign charges to solutions of this system.
Often in the construction of the differential Noether charge, it is convenient to work offshell and impose the equations of motion / δE = 0 only at the end. In order to do this, we need to lift Eq. (3.9) to an off-shell statement. In case of covariant equations of motion, this can be done using Noether's theorem.
Assuming / δE transforms as a scalar under diffeomorphism/gauge transformations, the second term on the right hand side of Eq. (3.8) becomes
so that we can write Eq. (3.8) as
We then turn our attention to the right hand side of Eq. (3.11). To simplify this term we now invoke Noether's theorem (see [15] for example). Noether's theorem asserts the following: If the system under question is invariant under the diffeomorphism/gauge variation δ χ generated by χ = {ξ a , Λ}, 12 then there exists a Noether current N a such that / δ χ E = ∇ a N a . Further, we can always choose an on-shell-vanishing N a , i.e., a Noether current N a such that N a ≃ 0.
To illustrate this, we consider the example where the only dynamical fields are metric and gauge fields. We then have
If the equations of motion describe a system which is diffeomorphism/gauge invariant, then we have the following Bianchi identities (which hold off-shell) :
We can therefore choose the on-shell-vanishing Noether current as
Let us now use such a Noether current to simplify Eq. (3.11) to
15)
12 The reader should note that theories with Chern-Simons terms are included in this set.
or
This is the off-shell generalization of the statement
This expression shows that ( / δQ Noether ) ab can be thought of as the surface contribution to the variation of the Noether current N a , thus justifying the name 'differential Noether charge'.
In the following subsections, we will apply the above Noether procedure to the EinsteinMaxwell-Chern-Simons system.
Differential Noether charge for Einstein-Maxwell system
Our goal in this subsection is to compute the differential Noether charge for Einstein-Maxwell system. We begin by writing down the on-shell vanishing Noether current for this system :
This current is, by construction, proportional to the Einstein-Maxwell equations of motion. Hence, it vanishes on any solution of Einstein-Maxwell system (thus the adjective 'on-shell vanishing'). Let us rewrite this Noether current in a suggestive way :
We recognize the standard Einstein-Maxwell Lagrangian density (see Eq. (2.10)) in the first line of Eq. (3.20) . On the other hand we can rewrite the second line of Eq. (3.20) using the following identities :
and
so that we have the following expression for the Noether current (N a ) Ein-Max :
We recognize that the pre-symplectic potential for the Einstein-Maxwell system (see Eq. (2.14) with the variation set equal to a diffeomorphism/gauge variation) is
Further, defining 25) which is often termed the Komar charge, we can write the Einstein-Maxwell contribution to the Noether current in the following form :
We will call this form of decomposition for the on-shell-vanishing Noether current as the Komar decomposition. The Komar decomposition exists for any covariant Lagrangian. 13 To see why this might be the case, we consider the divergence of the vector
where we have used the fact that, if L is a scalar, then (
a is a Noether current by itself (we note however that it is not on-shell vanishing). The Komar decomposition then follows from the statement that any two Noether currents differ by a total divergence. 13 For example, if we rewrite the Einstein-Maxwell Komar charge as 27) then this form can be extended to Lovelock theories.
The Komar decomposition plays an important role in the Lee-Iyer-Wald method for computing differential Noether charge. We consider a general variation applied to the Komar decomposition written in the form
Then we get
(3.30)
We now use Eq. (2.9) as well as the following relation to rewrite the first and second terms on the right hand side :
Here we have assumed ( / δ χ Θ PSympl ) a transforms like a vector and is invariant under gauge transformations. Substituting these relations back into Eq. (3.30), we get
(3.32)
From this expression, we can then identify the differential Noether charge according to the Lee-Iyer-Wald prescription (for systems with covariant Lagrangian and symplectic potential) as
For the Einstein-Maxwell system, by using Eqs. (2.14) and (3.25), this differential Noether charge is written as
(3.34)
Differential Noether charge for Chern-Simons terms
A differential Noether charge for theories with Chern-Simons terms was constructed by Tachikawa by generalizing the Lee-Iyer-Wald method [22, 23] . As we will demonstrate in §5, this charge however turns out to be non-covariant. In this subsection, we will instead construct a manifestly covariant differential Noether charge. We now proceed to evaluate the contribution to the differential Noether charge from Chern-Simons terms by directly using its relation with the pre-symplectic current :
The Hall contribution N a H to the on-shell vanishing Noether current for this system is given by
Using this along with our covariant expression for the pre-symplectic current, we get
(3.37)
The details of the computation that lead to this expression can be found in Appendix A. We can then express the right hand side of Eq. (3.37) as a total divergence to give 38) which is a manifestly covariant differential Noether charge as required. In Appendix B, we convert the above expression into differential forms :
This manifestly covariant differential Noether charge is the main result of this paper.
In the next section, we evaluate this differential Noether charge at the bifurcation surface to derive the Tachikawa formula (see Eq. (1.11)). In an accompanying paper [46] , we will use Eq. (3.39) to covariantly assign both entropy and charges to the black hole solutions found in [34] and compare them against the dual CFT expectations.
A covariant derivation of Tachikawa formula
In this section, we give a covariant derivation of the Tachikawa formula described in Eq. (1.11) using our differential Noether charge Eq. (3.39). Our derivation here is aimed at neatly sidestepping various issues raised by Bonora et al. [23] regarding Tachikawa's extension of the Lee-Iyer-Wald method. In particular, unlike the derivation in [23] , we do not have to pass to special coordinates/gauges in order to suppress various non-covariant contributions that arise in Tachikawa's proposal.
Let us begin by recalling that at the bifurcation surface we have ξ a | Bif = 0 and (Λ + ξ a A a )| Bif = Λ β + β a A a = 0 . Thus Eq. (3.39) reduces to
Here we have used
where ε is the binormal to the bifurcation surface. Furthermore, following [2, 4] , we have δε a b = 0, since ξ a | Bif = 0 while δξ a = 0 everywhere. For simplicity, let us first start with the single trace case where
] in AdS 2n+1 with n = 2k + l − 1. Derivatives of the anomaly polynomial with respect to the curvature two-form and the U (1) field strength are given respectively by
where we take (R 0 ) b c ≡ δ b c . Substituting the above into Eq. (4.1) yields 14
Let us now discuss the pull-backs of Γ and R onto the bifurcation surface. Since ∇ c ε ab = 0 at the bifurcation surface, the induced metrics on the tangent and normal bundle are also covariantly constant. Therefore, the restriction of the covariant derivative onto the tangent (normal) bundle is equal to the covariant derivative constructed out of the tangent (normal) bundle metric. This implies that at the bifurcation surface 15 We will exploit below this factorization between the normal and tangent bundle at the bifurcation surface.
Using this, at the bifurcation we have R 2k−2−m εR m = R 5) which agrees with the result of Tachikawa in [22] . We now use induction to generalize this formula to the case with multiple traces. First, we denote the anomaly polynomial as P CF T =P ∧tr[R 2k 0 ] and assume thatP contributes to the black hole entropy via the Tachikawa formula. For example, for the anomaly polynomial
. Now we will show that P CF T also contributes to the entropy via the Tachikawa formula as in the last 14 In the following, the binormal ε inside the traces should be interpreted as the matrix ε a b . 15 To show RN = dΓN , we can use the decomposition of the binormal ε ab = ρaβ b − βaρ b for vectors ρ and β satisfying ρaρ a = βaβ a = 0 and ρ a βa = 1 at the bifurcation surface. Then using an equivalent definition of
, one can show that RN = dΓN . For more details on the properties of the normal bundle at the bifurcation surface, see [48] . 
(4.6)
The first line above correspond to the terms where both of the derivatives on the anomaly polynomial (with respect to the curvature two-form) act onP while the second line corresponds to the terms where both derivatives act on tr[R 2k 0 ]. The two terms in the third line account for the cases where one derivative acts onP while the other on tr[R 2k 0 ]. As a next step, we use
to write the last line of Eq. (4.6) as
Finally, substituting the above expression into Eq. (4.6), we obtain
which proves the Tachikawa formula for Chern-Simons contribution to entropy.
Tachikawa's extension of Lee-Iyer-Wald method : a comparison
Now, we will review the generalization of the Lee-Iyer-Wald method to Chern-Simons terms as proposed by Tachikawa [22] . The reader should also consult [23] where a detailed exposition of this method is given. Since the discussion below is somewhat long and technical, we will begin by summarizing what we do in this section.
Summary of this section
The primary aim of this section is to take our discussion about the formulation of Noether charge for theories with Chern-Simons terms and link it with the previous proposals in the literature -mainly the references [22, 23] . We begin with an explicit implementation of Tachikawa's prescription for the most general Chern-Simons term. Our analysis can be thought of as a straightforward generalization of the analysis in [23] . We will show that our Noether charge agrees with the Noether charge of [22] in AdS 3 where Tachikawa's extension has been primarily applied. However, Tachikawa's extension for the formulation of Noether charge deviates from our method in higher dimensions by various additional non-covariant contributions which we will explicitly compute below. Thus, our prescription neatly resolves this non-covariance issue with higher dimensional Chern-Simons terms that was noted by the authors of [23] .
We will now present two main analytical results of this section that lead to the conclusions above. The first is the relation between our covariant pre-symplectic current ( / δ 2 Ω PSympl ) H and the non-covariant pre-symplectic current ( / δ 2 Ω PSympl ) IW T H from Tachikawa's extension: 
This expression shows that ( / δQ Noether ) IW T H is non-covariant in AdS 5 and higher and that noncovariance enters both as a bulk and a boundary contribution. The boundary contribution is however ambiguous in Tachikawa's extension which is represented by an arbitrary term / δZ in the expression above.
In the rest of this section, we will derive these analytical results. Since the non-covariance of Tachikawa's extension complicates the formulation of Noether charge for general ChernSimons terms, we will work entirely with differential forms throughout this section.
Pre-symplectic current in Tachikawa's extension
As a first step of the comparison, we compute the deviation of the pre-symplectic currents constructed by Tachikawa's extension from ours.
For the Chern-Simons terms, the Lagrangian form is given by L H = I CS . The corresponding equations of motion form are given by converting Eq. (2.15) into differential forms :
3)
The pre-symplectic potential / δΘ PSympl is given as
(5.4) 16 We note that the non-covariant contributions vanish for AdS3.
Following Tachikawa [22] , we then define the pre-symplectic current as
where we have used the following identities to simplify the expression :
.
Comparing against the pre-symplectic current ( / δ 2 Ω PSympl ) H derived in Eq. (B.31), the relation between these two pre-symplectic currents is given by
is not covariant under gauge and diffeomorphisms in AdS d+1 for d ≥ 4. Since it is covariant up to a boundary contribution, the pre-symplectic structure defined via its integral would be invariant. As we will see below, however, these boundary contributions do contribute to the Noether charge thus affecting the covariance of / δQ Noether . Discarding by hand this non-covariant boundary contribution in
Komar decomposition for Chern-Simons terms
We next move on to the Komar decomposition. Following [22] we begin by constructing two differential forms Ξ χ and / δΣ χ defined via 17
Differential Noether charge for Chern-Simons terms in Tachikawa's extension
Finally, we evaluate the difference between the differential Noether charges constructed by the two methods. We begin with the Komar decomposition for the Chern-Simons term Eq. (5.11) which we rewrite as
Now we consider the variation of this expression. By using 15) and 16) we have the following expression :
Here we have also used the identities for the generalized Hall conductivities summarized in Eq. (5.6). Comparing this expression against Eq. (B.32), the deviation of the differential Noether charge constructed by Tachikawa's extension from ours is :
(5.20)
We note that unlike ( / δQ Noether ) H , ( / δQ Noether ) IW T H is not covariant. Further this non-covariance shows up even if one discards the boundary contributions (which is justified when we are interested only in the integral of / δQ Noether over a closed surface). In fact, this non-covariance can be directly traced to the non-covariant terms in the pre-symplectic current ( / δ
2 Ω PSympl ) IW T H in Eq. (5.5). Thus, choosing a covariant pre-symplectic current ( / δ 2 Ω PSympl ) H automatically guarantees a / δQ Noether which is covariant up to boundary contributions.
Conclusions and discussions
In this paper, we have proposed a new formulation of a differential Noether charge for theories in the presence of Chern-Simons terms. Our formulation realizes a manifestly covariant presymplectic current and differential Noether charge. We have also presented a manifestly covariant derivation of the Tachikawa formula for Chern-Simons contribution to entropy. When contrasted against Tachikawa's extension that we reviewed in §5, our derivation has the additional merit of being relatively simple and straightforward. The critical reader might wonder about the ambiguities in our construction. We have chosen a specific pre-symplectic current and a differential Noether charge solely guided by covariance and in case of Chern-Simons terms, this is indeed a stringent constraint which almost uniquely determines our choice. This is in contrast with Tachikawa's extension of the Lee-Iyer-Wald procedure where the ambiguities in the definition of the charge are resolved by an explicit prescription which unfortunately gives a non-covariant answer for Chern-Simons terms (see §5).
A more systematic prescription is provided by the Barnich-Brandt-Compère formalism [13] [14] [15] where a particular differential operator (called the homotopy operator) is constructed to resolve such ambiguities. It would be an interesting test to see whether Barnich-BrandtCompere method gives a covariant pre-symplectic current and differential Noether charge for Chern-Simons terms. Given that the homotopy operator is itself not manifestly covariant, this would be a highly non-trivial check for Barnich-Brandt-Compère formalism. Further, a rederivation of our expressions using the homotopy operator would then remove much of the ambiguities in our construction. An encouraging sign in this direction is the fact that for Abelian gauge Chern-Simons terms, our prescription already agrees with the answer previously derived via the homotopy operator [49] .
A further advantage to rederiving our construction in the Barnich-Brandt-Compère formalism would be the following : it would then be straightforward to demonstrate that our expression naturally incorporates algebra of currents in the dual CFT. The current algebra of a CFT with anomalies exhibits central terms known as Schwinger terms whose structure is completely fixed by the anomaly coefficients. It would be interesting to show that our differential Noether charge correctly reproduces this current algebra structure. Further, we might be able to extend to Chern-Simons terms other standard results in the homotopy operator formalism. For example, it would be interesting to derive the generalized Smarr relation [50] relevant for Chern-Simons terms. A related question is whether there is a Wald-like formula for asymptotic charges [51, 52] of Chern-Simons terms.
Another direction in which our results can be generalized is to extend them to p-forms with Green-Schwarz couplings. Green-Schwarz couplings can often be traded for ChernSimons couplings by passing to a description in terms of a dual p-form [17, 22, 53] . It would be interesting to see whether our method can be used to obtain the same answer without dualizing.
We now turn to a largely unexplored set of questions of much current interest -questions about the interplay between anomalies and entanglement entropy. Recently, motivated by the generalized gravitational entropy method [54, 55] , much progress has been made in understanding how higher-derivative terms in gravity Lagrangians enter holographic entanglement entropy [19, 20] . However, much of this effort has been focused on covariant Lagrangians and much less is understood about Chern-Simons terms (see however [56] for the case of the gravitational Chern-Simons term in AdS 3 ). Some of the questions one would like answered in this context are :
• Can one obtain the entanglement entropy formula for Chern-Simons terms by a dimensional reduction? If yes, what are the extrinsic curvature correction to the Tachikawa formula? In AdS 3 , the authors of [56] have argued that the Tachikawa formula receives no corrections. It would be interesting to see whether the same holds in higher dimensions by evaluating Chern-Simons terms on the squashed cone metric.
• Can one reproduce the bulk Chern-Simons equations of motion from entanglement entropyà la [57, 58] ?
• If one computes the anomaly contributions to the entanglement entropy equation [59, 60] , are they independent of the coupling? These terms would then be the analogue of anomaly-induced terms in hydrodynamics.
• The structure of anomaly-induced terms in hydrodynamics is captured by a replacement rule [38, 41] which was recently proved by formal Euclidean methods in [40, 43] . Is there a simpler and a more physically transparent proof using anomaly-induced entanglement entropy?
As a first step towards answering these questions, one would first like to check that the expressions proposed in this paper, when evaluated over the fluid/gravity solutions of [34] correctly reproduce the anomaly-induced hydrodynamics. That, dear reader, will be the subject of our accompanying paper [46] ! A Detailed computation of ( / δQ Noether ) H This Appendix summarizes the detailed derivation of our result for the differential Noether charge in Eq. (3.38). We begin by writing down the Hall part of the pre-symplectic current with the second variation set equal to the diffeomorphism/gauge variation δ χ generated by χ = {ξ a , Λ} :
We will begin by simplifying the first line in Eq. (A.1) :
where G denotes the determinant of the metric and Sign[G] is its signature.
For pseudo-Riemannian metrics describing spacetime, we have Sign[G] = −1 and we take ε rtx 1 ...x d−1 ≡ − √ −G where r is the (spatial) holographic direction with r → ∞ corresponds to the conformal boundary of AdS d+1 . The epsilon tensor for the dual CFT d on R d−1,1 (with the flat metric) is taken to be ε tx 1 ...x d−1 = −1.
• We define the Hodge-dual of a p-form V via
or, in other words,
We note that the definition above is equivalent to (B.5)
For the boundary CFT d , our convention for the Hodge-dual ⋆CFT is given by similar expression as in Eq. (B.2) but with G ab replaced by the flat metric on R d−1,1 and the bulk epsilon tensor replaced by the boundary epsilon tensor as discussed below Eq. (B.1).
• One of the main uses of Eq. (B.5) is in translating expressions of the following form into components
Here V is a (d+1−p)-form , A 1 is a q 1 -form, A 2 is a q 2 -form etc. such that (B.8)
• Given two p-forms V 1 and V 2 , we have • Given a p-form V 1 and a q-form V 2 with q ≥ p, we have Another result we will need is i ξ ⋆ V = ⋆ (V ∧ ξ) for any vector ξ a whose dual one-form is given by ξ ≡ G ab ξ a dx b .
B.2 Noether charge formalism in differential forms
It is straightforward to convert our equations about the Noether charge formulation to differential forms using the formulae given in Appendix B.1.
We begin by defining the equation of motion form via / δE = −( / δE) ⋆ 1 and the presymplectic form as the Hodge-dual of the pre-symplectic current by the use of the relation / δ
2 Ω PSympl = −( / δ 2 Ω PSympl ) a ⋆ dx a . All the other forms are defined in a similar fashion following We note that various factor of √ −G are naturally taken into account in the language of forms. By introducing the form corresponding to the pre-symplectic potential as / δΘ PSympl , Eq. (2.7) is written as
/ δ
2 Ω PSympl = −δ 1 ( / δ 2 Θ PSympl ) + δ 2 ( / δ 1 Θ PSympl ) . (B.14)
Noether's theorem then assumes the form where we have introduced Maxwell field strength two-form F ≡ (1/2)F ab dx a ∧ dx b and curvature two-form R a b ≡ (1/2)R a bcd dx c ∧ dx d . Later, we will also use gauge field one-form A ≡ A a dx a and connection one-form Γ a b ≡ Γ a bc dx c . We denote products of curvature twoforms as (R k ) a b ≡ R a c 1 ∧ R c 1 c 2 ∧ . . . ∧ R c k−2 c k−1 ∧ R c k−1 b and hence tr[R k ] ≡ (R k ) a a is understood as a matrix-trace.
We remind the reader that given our orientation convention in AdS, we have ⋆ 1 = − √ −G d d+1 x and hence the Einstein-Maxwell action is given by 
(B.21)
Moving on to the Komar charge, we have 23) which can be simplified further to give ( / δQ Noether ) Ein-Max
(B.24)
B.4 Hall contribution
As the next step, we rewrite the derivation of the Hall contribution to the Noether charge in differential forms. We start with the defining equation for the Hall conductivities in Eq. (2.19) which can be stated in terms of forms as 
